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ABSTRACT

We show stable ergodicity of a class of conservative diffeomorphisms of
T™ which do not have any hyperbolic invariant subbundle. Moreover, the
uniqueness of SRB (Sinai~Ruelle-Bowen) measure for non-conservative
C1 perturbations of such diffeomorphisms is verified. This class strictly
contains non-partially hyperbolic robustly transitive diffeomorphisms
constructed by Bonatti-Viana [4] and so we answer the question posed
there on the stable ergodicity of such systems.

1. Introduction

A main objective of Dynamical Systems is to answer the following questions:

(1) What main topological or metric properties are satisfied by the majority

of dynamical systems?

(2) Under which conditions do such properties persist after small perturbation

of the system?

Ergodicity is a basic feature for conservative dynamical systems that yields
the description of the average time spent by typical orbits in different regions
of the phase space. For non-conservative systems, existence and uniqueness (or
just finiteness) of SRB (Sinai-Ruelle-Bowen) measures plays a similar role.

A few years ago Palis [11] conjectured: Every system can be C™ approximated,
any r > 1, by one having finitely many SRB measures with their basins covering
a full Lebesgue measure of the phase space.
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In other words, one expects that for a “majority” of diffeomorphisms, the
average time spent by typical orbits in different regions of the phase space is
described by at most a finite number of measures.

In this direction, in [1] the authors show the existence of finitely many SRB
measures with basins covering a full Lebesgue measure of the ambient manifold,
for a large class of partially hyperbolic systems and more generally for systems
displaying a dominated splitting.

Definition 1.1: Let M be a compact manifold and f: M — M a C* diffeomor-
phism. We say that the splitting TM = E“ & E is dominated if it is Df
invariant and there exist C > 0 and A < 1 such that

IDFIESINDSFER I <A forallz € M.

A diffeomorphism is called partially hyperbolic if the tangent bundle
admits a dominated splitting and at least one of the sub-bundles E* or E° is
uniformly hyperbolic.

In this work we take over from where [1] and [4] left off, to provide suffi-
cient conditions for stable ergodicity (conservative case) and uniqueness of SRB
measures (general dissipative case). The main novelty of our results is that we
prove that very weak hyperbolicity (dominated splitting) may suffice for stable
ergodicity.

Definition 1.2: A C? conservative diffeomorphism f is stably ergodic if any C?
conservative diffeomorphism g nearby to f in C! topology is also ergodic.

Let us recall that Anosov [2] proved that every C? globally uniformly hyper-
bolic volume preserving diffeomorphism is ergodic. In the corresponding dissi-
pative setting, Sinai [16] proved existence and uniqueness of the SRB measures.
More recently, Pugh, Shub and other collaborators obtained stable ergodicity
for a large class of volume-preserving diffeomorphisms, assuming a dominated
splitting E° & E¢ @ E" exists, where E* is uniformly expanding and E* is
uniformly contracting. (See [5] and references therein.)

Here we drop any assumption about existence of uniformly hyperbolic sub-
bundles. Before we give the precise statement of our results, let us comment on
some of the main new difficulties in our context.

A classical strategy for proving ergodicity, going back to Hopf, is by propagat-
ing statistical behaviors of orbits along invariant (stable and unstable) foliations.
In the context treated in [5] and related publications there are integral foliations
tangent to E* and E*. One says that the map is accessible (resp. essentially
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accessible) if any (resp. almost all) two points may be joined by a path con-
sisting of consecutive segments, which are part of stable or unstable foliations.
Accessibility or at least essential accessibility is a key ingredient for proving
ergodicity.

Such a strategy does not make sense in our case, since systems with a domi-
nated splitting need not have invariant foliations. As we shall explain in more
detail later, we handle this by first proving non-uniform hyperbolicity: all Lya-
punov exponents non-zero almost everywhere. This places us in the setting
of [1] and [4] and we prove uniqueness of the SRB measure constructed there.
Restricted to conservative diffeomorphisms this gives stable ergodicity.

1.2. STATEMENT OF RESULTS. Let M be a compact manifold endowed with
a volume form w. Let f: M — M be a diffeomorphism. Given an f-invariant
Borel probability measure p, we call basin of y the set B(u) of x € M such that

n—1
lim ~ > é(fi(z) = / ¢dp  for every ¢ € C°(M)
and say that p is a physical or SRB (Sinai-Ruelle-Bowen) measure for f if B(u)
has positive Lebesgue measure.

Let us introduce the class of diffeomorphisms for which our results apply.
The class V C Diff' (T") under consideration consists of diffeomorphisms which
are deformations of an Anosov diffeomorphism. To define V, let fy be a linear
Anosov diffeomorphism of the n-dimensional torus T™ (in fact, we need fo only
to be an Anosov diffeomorphism on M = T™ whose foliations lifted to R™ are
global graphs of C' functions over the corresponding invariant subbundles).
Denote by TM = E§ @ EJ the hyperbolic splitting for fy with dim (E§) = s,
dim (Ef) = u and let V = (J V; be a finite union of small pairwise disjoint balls
in T™. We suppose that fo has at least one fixed point outside V. By definition
f €V if it satisfies the following C' open conditions:

(1) TM admits a dominated decomposition and there exist small continuous

cone fields C* and C°® invariant for D f and D f~! containing respectively
E§ and Ef.
(2) fis C* close to fo in the complement of V', so that for z ¢ V there is
o<1
I(DfIT:D**)7Y|| <o and |IDf|T.D|| <o.

(3) There exists some small §g > 0 such that for z € V

I(DFITD™) | <148 and ||(Df|T.D|| <1+ b
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where D" and D°° are disks tangent to C* and C*°.
THEOREM 1: Every f € V N Diff> (T") is stably ergodic.

For non-conservative diffcomorphisms in V we prove uniqueness of SRB
measure. In fact we assume the diffeomorphisms are volume hyperbolic
(in the conservative case this is automatic from the domination property):

Definition 1.3: Let f: M — M be a C! diffeomorphism and TM = E' @ E?;
we say that this decomposition is volume hyperbolic if for some C > 0 and
A<l

|det(Df™(z)|EY)| < CA™ and |det(Df~™(z)|E?)| < CA™.

THEOREM 2: Any f € V N Diff*(T") for which the dominated decomposition
TM = E @ E° is volume hyperbolic has a unique SRB measure with a full
Lebesgue measure basin.

In Theorem 2, volume hyperbolicity is crucial for proving non-uniform hyper-
bolicity. Roughly speaking, by means of this property and a good control of the
invariant leaves of fy, typical orbits do not stay a long time in V' and so their
asymptotic behavior is mostly influenced by the hyperbolicity condition 2.

1.2. OUTLINE OF THE PAPER. The paper is organized as follows. In Section 2,
we give some preliminary definitions which will be used in the rest of the paper.
In Section 3, we exhibit an explicit open set of diffeomorphisms which satisfy
the hypothesis of our results and yet have no uniformly hyperbolic (expanding
or contracting) invariant subbundle. The complete proof of Theorems 1 and 2
occupies Sections 4-7.

In Section 4 we analyze the geometry of the basins of the SRB measures con-
structed in [1] for systems with dominated splitting. In Section 5 we deduce our
main results from certain facts that are proved subsequently. Indeed in Section
6 we prove non-uniform hyperbolicity for almost all points of any submanifold
with good geometry. In particular, Lebesgue almost all points of the ambient
manifold satisfy the non-uniform hyperbolicity conditions. The other important
ingredient, proved in Section 7, is absolute continuity of local stable/unstable
lamination obtained from Section 6. It is worthwhile pointing out that, since we
have to deal with possibly non-regular points, the conclusions of these two last
sections cannot be deduced from general arguments in Pesin theory. In fact,
good control of the angle, given by the domination condition, is crucial to our
approach.
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2. Preliminaries

In this section we consider some ways of relaxing uniform hyperbolicity.

2.1. NoN-UNIFORM HYPERBOLICITY. This approach is due to Pesin [13] and
it refers to diffeomorphisms with non-zero Lyapunov exponents in a full measure
subset of phase space. Recall that A is a Lyapunov exponent at x if

.1 n .
Jim —log|| Do f*(0)]] = A

for some vector v € T, M. By Oseledets’ theorem Lyapunov exponents exist for
a total probability subset of M.

To construct SRB measures for systems with a dominated splitting, by the
methods in [1] we need to verify “non-uniform hyperbolicity” in a total Lebesgue
measure set in the following sense. There exist a positive Lebesgue measure set
H and ¢y > O such for x € H

n-1

. 1 -1
(1) llﬁso%pﬁj;logli(DflE}?(z)) | < —co
and also
1 n—1
2 lim sup — log ||DfIES$S < —¢p.
(2) n—»oopnjgo g||Df] f(z)”_ 0

In our setting we prove that H has full Lebesgue measure. This is a crucial
step for the proof of Theorem 1. We mention that the above conditions imply
non-zero Lyapunov exponents. Let us just mention that in the Pesin theory,
some invariant measure is fixed and non-uniformly hyperbolic systems refer to
ones without zero Lyapunov exponent in a total measure set. But, we are
working with the Lebesgue measure which is not invariant for non-conservative
diffeomorphisms of V. In this paper, by non-uniform hyperbolicity we refer to
the above conditions.
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2.2. DOMINATED SPLITTING. This approach was much used by Maifié in his
proof of the stability conjecture [9]. Suppose that TM = E® < E* is a domi-
nated splitting of TM. By this notation we emphasize that E* is dominating
E°%. Whenever we have a dominated splitting on T'M as defined in 1.1 there
are two cone fields C°* (center unstable) and C® (center stable) with the
following properties:

Co(z) = {v1 +v2 € E“ @ E%; ||| < allvzll},  Df(C"(x)) C C(f(2)),
Ce*(x) = {vi+vy € EX @ E |lva|l < alunll},  DfTH(CE(2)) € C(F 7 (@)

To verify non-uniform hyperbolicity for the diffeomorphisms in Theorems 1
and 2, we use the volume hyperbolicity property defined in Definition 1.3.

For non-trivial examples of diffeomorphisms with volume hyperbolicity prop-
erty we point out that (see [3]) a dominated splitting TM = E* < E? for any C*
conservative diffeomorphism is volume hyperbolic. From this and the continuity
of det D f, we conclude the following:

COROLLARY 2.1: For any f € V N Diff2(T"), there exist 3 > 1 and C > 0
such that

| det(D f"(x)|To(D*))| < Cor™ and |det(Df"(2)[T:(D®))| < Coy™

where D¢ and D% are disks tangent to C® and C".

3. Robustly transitive diffeomorphisms of T"

Here we give a C! open set of diffeomorphisms that satisfy the hypothesis of
Theorems 1 and 2. A diffeomorphism f is called robustly transitive if any C*
nearby diffeomorphism to f is also transitive. The first non-partially hyperbolic
and robustly transitive example is constructed in [4] on T. We will construct the
example of robustly transitive diffeomorphisms without hyperbolic sub-bundles
in higher than 4 dimensions. Let fy be a volume preserving linear Anosov
diffeomorphism on the T™ for which

T.(T")=R*=FE; <Ej <--- < E,_, < E"

where dim{E¥) = 2 and dim(E?) = 1 and E* is uniformly expanding and all
E? are uniformly contracting.

We may suppose that fq has fixed points p1,ps, ..., pn—2. Let V =) B(p;,9)
be a union of balls centered at p; and radius sufficiently small § > 0. By it-
eration, we may also suppose that fp has a fixed point out of V. The idea is



Vol. 142, 2004 STABLY ERGODIC DIFFEOMORPHISMS 321

to deform the Anosov diffeomorphism inside V, passing first through a pitch-
fork bifurcation along (E @ E7,|)(p;) inside B; = B(p;,d) and then another
deformation (see Figure 1) to get a complex eigenvalue for a fixed point near to
pi.

More precisely, first we modify along E{ (p;) ® Ef,(p:) for 1 <i < n—3 until
the stable index of p; drops one and two fixed points ¢;,r; are created. These
new fixed points have stable index equal to . — 2. In the next step we mix the
two contracting sub-bundles of Ty, M corresponding to Ef(q;) and E},,(¢;) and
get a complex eigenvalue. These modifications can be done by an isotopy and
in a way to obtain volume preserving diffeomorphisms (see [4]).

After these deformations we get a new diffeornorphism which we also call f
and we have the following D f invariant decomposition for the tangent bundle
of q;:

TyM=E < - <E_ 1 <F,<--<E"

where E; is one-dimensional, E* is two-dimensional and uniformly expanding
and Fj is the two-dimensional sub-bundle corresponding to the complex eigen-
value. Finally, we do the same for p,_s, but in its unstable direction. That
is, after the modifications along the unstable sub-bundle of p,,_2 we get a new

fixed point ¢, such that
Ty, oM =E <--<E;_5<F,

and F),_o is the sub-bundle corresponding to the complex expanding eigenvalue

of gn—2.

Ef(pi) ® Ef 1 (pi)

Figure 1. Deformation of Anosov.

In this way we get a C* open set V of diffeomorphisms satisfying the conditions
(1)-(3) mentioned in the Introduction. Another important fact is about the
mentioned hyperbolic fixed point outside V.
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We supposed that there exists a hyperbolic fixed point g of fy outside V' with
stable index s = n — 2 in our example. For any f € V, as f is C! near to
Anosov diffeomorphism outside V, it has a fixed point outside V' which is the
continuation of ¢, which we will also call q.

It is easy to see that the stable manifold of the continuation of ¢ intersects
any disk tangent to C°* with radius more than ¢g, for some small ¢g > 0. The
similar thing for the unstable manifold and disks tangent to C°® happens. This
is just because of the denseness of stable and unstable leaves of fy. Indeed,
take a compact part of W#(q, fo) to be ¢p-dense. Now, if V is small enough
this compact part of the stable manifold continues to be a part of the stable
manifold for the continuation of q.

Remark 3.1: Clearly, the last item above is satisfied for f € V of Theorems 1
and 2, as V is small enough. Namely, any f € V has a hyperbolic fixed point
g ¢ V such that its stable and unstable manifolds are eo-dense. In fact, later
we prove the density of these invariant manifolds (see Proposition 5.1).

LEMMA 3.2: f € V is robustly transitive.

Proof: The proof goes as in the T* case in [4, Lemma 6.8] and we just re-
member the steps. The main idea to prove robust transitivity is to show the
robust density of the stable and unstable manifold of an hyperbolic fixed point.
We show the density of invariant manifolds of ¢ defined in Remark 3.1 (see
Proposition 5.1).

Let U and V be two open subsets. Using the A-lemma and the density of
invariant manifolds of ¢ we intersect some iterate of U with V and get transitivity
of f. |

LEMMA 3.3: f € V is not partially hyperbolic.

Proof: This is just because of the definition of partially hyperbolic systems. f is
partially hyperbolic if TM = E° ® E° & E* is a decomposition into continuous
sub-bundles where at least two of them are non-zero where E° and E* are
respectively uniformly contracting and expanding. Suppose that f is partially
hyperbolic. By the continuity of the decomposition of TM and existence of a
dense orbit by Lemma 3.2, the dimension of E° and E* is constant.

We claim that dim(E?®) = n — 2 and this results in a contradiction, because
in Tp, M there do not exist n — 2 contracting invariant directions. To prove
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the claim observe that if we suppose that dim(E?®) = j < n — 2, then by the
decomposition of Ty, M

TyM=E < <Ej1<F;<---<E"“

By definition, E°(q;) must contain E; @ ---® E;_; and then, as F; does not
have any invariant sub-bundle, we conclude that dim(E*(g;)) > j + 1 and this
is a contradiction, because dim(E®) = j. This shows that dim(E®) = 0. By
investigating T,  _,M, it is obvious that TM cannot have invariant unstable
sub-bundles, too. [ |

4. cu-Gibbs measures

Pesin and Sinai defined and constructed Gibbs measures for partially hyperbolic
dynamical systems. They defined Gibbs measure as measures which are abso-
lutely continuous with respect to Lebesgue measure along the unstable foliation
of a partially hyperbolic diffeomorphism ([12]).

For systems with a dominated splitting TM = E < E°“, one defines cu-
Gibbs measure as an invariant measure with positive Lyapunov exponents along
E* and absolutely continuous with respect to the Lebesgue measure along the
Pesin local unstable manifolds tangent to E<“. In [1], cu-Gibbs measure for
the systems with dominated splitting and having non-uniform hyperbolicity
property is constructed. However, they show that under a technical condition
called “simultaneous hyperbolic times” the cu-Gibbs measures are in fact SRB
measures.

In this paper we prove that any f € V is non-uniformly hyperbolic as required
in [1] and, without verifying the simultaneous hyperbolic times condition, in
Appendix B prove that the constructed cu-Gibbs measures are SRB. In fact we
prove the following theorem.

For a submanifold D of M, by Lebp we mean the Lebesgue measure of D
and by A C B (pmod-0) we mean u(A\ B) = 0.

THEOREM 3: Let f be as in Theorem 2. Then M = |J B(u;) (mod-0) where p;
are ergodic SRB measures and for each p; there exists a disk DX tangent to a
center-unstable cone field such that Df° C B(u;) (Leb(p=~) mod-0).

Let us recall briefly the construction of cu-Gibbs measures. Fix a C? disk
tangent to C°* at every point of it and intersecting H (the set of points having
non-uniformly hyperbolic behavior) in a positive Lebesgue measure, where by
measure we mean the Lebesgue measure of the disk. Now consider the sequence
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pn, of averages of forward iterates of Lebesgue measure restricted to such a disk.
A main idea is to decompose p, as a sum of two measures, denoted by v, and
7ln, such that v, is uniformly absolutely continuous on iterates of the disk and
has total mass uniformly bounded away from zero for all large n. Taking a
sub-sequence if necessary we may suppose that u, converges to u and v, to v.
Finally, we show that absolute continuity passes to v, the limit of v,. More
precisely:

PROPOSITION 4.1 ([1]): There exists a cylinder C (a diffeomorphic image of
product of two balls B* and B® of dimensions dim(E°*) and dim(E°®) in M)
and a family K, of disjoint disks contained in C which are graphs over B* such
that:
(1) The union of all the disks in K, has positive v measure.
(2) The restriction of v to that union has absolutely continuous conditional
measure along the disks in K.

So we have u = v+ 7, where v is absolutely continuous with a bounded away
from zero Radon—Nikodym derivative along a family of cu-disks. In this way we
conclude that there exist disks ¥ where Leb.-almost every point in v is regular
and, by absolute continuity of the stable manifolds “for regular points”, one
gets a u positive measure set in the same ergodic component of p1. Normalizing
the restriction of y to the ergodic component above, we get an ergodic invariant
probability measure p*.

As the conditional measure of p with respect to Ko is the sum of the
conditional measures of v and 7, we conclude the following:

LEMMA 4.2: There exists a disk D in Ko, such that Lebpw-almost every
point of D™ belongs to the basin of p*.

By Proposition 6.4 in [1}, M = |J B{(u;) (mod —0), where y;’s are cu-Gibbs
ergodic measures. In fact these measures are also SRB measure, as we show in
Appendix B. By the above lemma the proof of Theorem 3 is complete.

5. Uniqueness of SRB measures

In this section we prove Theorem 1 and Theorem 2 using some facts which we
prove in the next sections. Let u; be as in Theorem 3. We prove that for f € V,
B(ui) N B(u;) # 0 for all ¢ # j. But as u;’s are ergodic so they are the same
one. Let ¢ be the fixed hyperbolic point of f mentioned in Remark 3.1.
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ProPOSITION 5.1: The global stable manifold of ¢ is dense and intersects
transversally each D{°.

Proof: To prove Proposition 5.1 we claim that some iterate of D$° contains a
disk tangent to a center-unstable cone field with radius more than €y of which
also almost every point belongs to B(u;). This proves the Proposition, because
of the ep-density of the W*(q). (See Remark 3.1.)

To prove the above claim consider a lift f: R*—R" of f and let 7, be the
projection along the stable foliation of fo (the Anosov one) from R™ to R*. As
D is tangent to cone field C°“ we may consider a global graph T’ of a C*
function y: R* — R®,||Dv]|| < € (e is the angle of the cone field) which contains
D Let T, := f*(T"). Each T, is the graph of a C' function with small norm
of derivative. This is because f(T') is a proper embedding of R* in R* whose
tangent space at every point is in C°* and C** is forward invariant.

Now as Df expands the area of disks in the center unstable direction, by
arguments of [4, Lemma 6.8] there exists some point zq in f™(D$°) such that
its positive orbit never intersects V', so any small disk in I';,, around zy will
have some iterate containing a disk with radius at least €g. (See Remark 3.1
for €p.) In this way we prove the density of W#(g). If U is any open set, just
consider a center-unstable disk D, in the intersection of U and an unstable leaf
of fo and argue as above, substituting D by D. The density of W¥(q) comes
out by the similar method.

Now observe that because of the invariance of continuous cone field C, the
global stable manifold of ¢ is tangent to C® at any point and consequently the
intersection of W*(g) and D{° is transversal. ]

Using the A-lemma, for n large enough f*(D$°) and W4¥(q) are C! near
enough. On the other hand, in Section 6 (Corollary 6.8) we prove that almost
every point of W*(q) has a local stable manifold. This implies that there exists
S C W*(q) with Leb(S) > 0 such that for all z € S the size of W (z) is
uniformly bounded away from zero and W (z) intersects f"(D¢°) for n large
enough. We need an absolute continuity property proved in Section 7 to con-
clude the following:

P ( U Wi(@) 0 B(u) 0 f”(D?")) > 0.
z€S

We would get the same thing for p; and this enables us to find at least two
points z,y respectively in B(u;) and B(u;) such that they are in the local
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stable manifold of the same point in S (see Figure 2). This means

1 n—1 ' 1 n—
lim - ) ¢(f(z))= lim =
n—oo N 4 o n—on £

= J=

1
$(f'(y)) for every ¢ € C°(M),
0

and consequently B(u;) N B(u;) # 0, which implies p; = ;. We have proved
that the decomposition of T" (mod 0) by the basin of SRB measures contains a
unique element (mod 0) or there exists just one SRB measure whose basin has
full Lebesgue measure.

Figure 2. Intersecting basins via local stable manifolds.

Now let us explain how to conclude Theorem 1 from Theorem 2. If f preserves
the Lebesgue measure, the dominated splitting of the tangent bundle is volume
hyperbolic (see Preliminary). So by Theorem 2, for almost all points

n

-1
.1 i _ 0
nlgxgo - Zoqb(f (%)) = /qﬁdu for every ¢ € C°(M)
]'__
and immediately we have ergodicity of Lebesgue measure, completing the proof
of Theorem 1.

Remark: In Theorem 2 we prove the uniqueness of the SRB measures. The
unique SRB measure is absolutely continuous along disks which are unstable
manifolds corresponding to positive Lyapunov exponents. By [8] one has the

following;:
hu(f) = Z AP where A} = max{0, \;},

where A; are the Lyapunov exponents of the ergodic measure y. In fact, as
the basin of the physical measure constructed in Theorem 2 occupies a total
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Lebesgue measure set of manifold, it will be the unique measure among the
ergodic measures with non-zero Lyapunov exponents which satisfy Pesin’s for-
mula.

We observe that with the same method with which we have proved the unique-
ness of SRB measures, one also can show that 4 is the unique ergodic measure
satisfying Pesin’s equality and having v (= dim E*) positive Lyapunov expo-
nents. Then by the ergodic decomposition theorem it is the unique invariant
probability with the mentioned properties. So the following question is inter-
esting:

QUESTION 1: Does any f as in Theorem 2 have only one measure satisfying
Pesin’s equality?

6. Non-uniform hyperbolicity

In this section we prove that f € V is non-uniformly hyperbolic. In fact, we
use the mechanism to prove the non-uniform hyperbolicity presented in [1] and
prove the non-uniform hyperbolicity property for almost all points of many
submanifolds. In particular, we prove the non-uniform hyperbolicity for almost
all points of the unstable manifold of ¢, the fixed point of Remark 3.1.

Let W be a u-dimensional submanifold of T™ and 7 the natural projection
from R” to T™. We call W dynamically flat according to the following definition.

Definition 6.1: W is dynamically flat if for W,, any lift of f*(W) to R",
Leb(W,, N K) < C where K is any unit cube in R® and C is a constant de-
pending only on f.

LEMMA 6.2: W*(q) is dynamically flat.

Proof: Consider Fo(q), the leaf of unstable foliation of fy which passes through
g, and let F,, = f*(Folq)). As Fy is a leaf of a linear Anosov diffeomorphism,
any lift of it to R® will be a u-affine subspace and is a proper image of R* to R".
By invariance of the thin cone field C* we conclude that the tangent space of
any lift of F,,, which we also call F,,, at every point is in C°* and it is also the
proper image of R*. In this way, for any unit cube K, F,, N K can be seen as
the graph of a C! function with u-dimensional base of the cube as its domain.
This function has a small norm of derivative which is independent of cube K
and n; this is because its graph is tangent to C*. So F, N K has a uniformly
bounded area {with respect to Lebesgue measure of F,,) and this is what we
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want, because the intersection of the unstable manifold of ¢ with K is contained
in the limit of F, N K. n

PROPOSITION 6.3: Let W be a dynamically flat submanifold and f satisfying
the hypothesis of Theorem 2. Then every small disk in W contains a Lebesgue
total measure (Lebesgue measure of W) subset for which

n-—1

1
lim sup — log ||(Df|E% < —cg,
n%opn; glI(DFIEF ) £ —co

n—1

1
limsup= Y log||(DfIES¥,. )7 < —co,
msup - jz::o gD FIEF 2)) " || < —co

where ¢y > 0.

Proof: Here we use the same arguments of {1] and prove that:

LeEMMA 6.4: There exists ¢ > 0 and a total Lebesgue measure subset of any
small disk D in W such that #{0 < j <n: f/(z) ¢ V} > en for every large n.

Proof: We choose a partition in domains By, Bs, ..., Bpy1 =V of T” such that
there exist K, L; with B; € n(K;) and f(B;) € n(L;), where K;, L; are finite
open cubes in R", and estimate the Lebesgue measure of the sets [i] where ¢ is
an array (ig,1,...,%n—1) and [§] is defined as the set of points in D such that
fix) e B;, for 0 < j < n. In fact, we prove the following lemma. Let oy be as
in Corollary 2.1; then:

LEMMA 6.6: Leb([1]) < Co;™ (where C is a constant depending only on f).
Proof: By the choice of B; and induction we have that f7([i]) € m(W, NL;,_,),
where W, is a lift of f*(W) to R™.

To conclude the lemma we use the area expanding (Corollary 2.1) property

along disks tangent to the center-unstable cone field and the fact that the inter-
section of W,with a unit cube has a uniformly bounded volume. By induction

Leb([i)) < o7"Leb(f*([i]) < 07 "Leb(W N L;,_,) < Coy™. W

Now we show how to prove Lemma 6.4. Let ¢(i) be the number of values
0 < 7 < n—1 for which ¢{; < p. We note that the total number of arrays with

g(i) < en is bounded by
n k n .
k<en k<en
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and applying Stirling’s formula yields that it is bounded by e%"p® (B goes
to zero as € goes to zero). So the union of the sets [i] for which g(¢) < en has
Lebesgue measure less than Cef0"p"o ™. Choosing ¢ small enough such that
ePop¢ < gy, we are in the setting of the Borel-Cantelli lemma and Lemma 6.4
is proved. |

By this lemma, we conclude that almost all points in a dynamically flat disk
spend a definite fraction of their orbit outside V, which is a bad region for
uniform hyperbolicity.

To prove Proposition 6.3 it is enough to take ¢o = —log(c¢(1 + 8)'~¢), and
&9 small enough guarantees that ¢g > 0. ]

COROLLARY 6.6: Any f € V satisfies the non-uniform hyperbolicity condition
as defined in Section 2.

Proof: Consider a foliation by the unstable leaves of fy (of course, it is not
invariant for f). Any leaf of this foliation lifted to R™, by our hypothesis, is
the graph of a C! function defined on the corresponding sub-bundle. By the
invariance of cone fields we can easily prove that these leaves are dynamically
flat and then use Proposition 6.3 to prove the corollary. |

By Lemma, 6.2 we conclude that:

COROLLARY 6.7: Almost all points of the local unstable manifold of q satisfy
the non-uniform hyperbolicity property.

For any « satisfying the conclusion of Proposition 6.3, there exists N{(x) such
that forn > N

n—1

IT 1D fizer(ri@pll <A™,

=0
where A is slightly larger than ¢¢(1 + J)! ¢ and is less than one if §y is small
enough.

COROLLARY 6.8: There exists a positive Lebesgue measure subset S C W*(q),
N eNand A <1 such that Vz € S:

n—1

vn> N J[IDfipe(sipll <A™

=0

The points of S are not necessarily regular in the sense of Lyapunov. We
cannot use Pesin theory directly for the existence of invariant manifolds and
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absolute continuity of their holonomy. By dominated splitting and non-uniform
hyperbolicity as above we can construct local stable manifolds.

PROPOSITION 6.9: Every point of S has a stable manifold whose size is bounded
away from zero.

Proof:  We can construct local invariant disks using only the domination prop-
erty, but in the general case we do not know whether these disks are stable
manifolds or not. For f € V by Corollary 6.8, we are able to prove that the
disks passing through the point of .S are stable manifolds.

Denote Emb(D*, M) the space of C! embeddings from D* to M endowed
with the C* topology, where D% is the u-dimensional ball of radius one.

Using notation of [7], M is an immediate relative pseudo-hyperbolic set for f
if there exists a continuous function p such that

(3) 1D figes ()|l < p(x) < m(D fEeu(z)),

where m(T) = | T~ ||~}
In our case, dominated splitting and compactness of T™ imply relative pseudo-
hyperbolicity. We deduce that there exist continuous sections
o O": M—>Emb(D*, M),
o ¢°: M—>Emb(D*, M),
such that W2 (x) := ¢°(z)D; and WS*(z) = ¢°(u)D? have the following
properties:
o T.W () = E%(),
o T, W% (x) = E®(x).
The other important property is local invariance. That is, for all 0 < ¢; < 1
there is 0 < €5 < 1 such that
o FWEN () C WE(f (),
o [TIWSH () C W (@)
Given any ¢ we can take ¢; such that
“Df[Ty Wes(z) “
1D figee )l

We can take this €; uniformly in x as M is compact and the section is continuous

(4) 1— <1l+c¢ whend(z,y) <e, y€ Wfls($>~

with image in embeddings endowed with C* topology. Choosing e, such that
FiWE(x)) € WE(fi(x)) for all 0 < ¢ < N we show that for all natural n,
d(f™(z), f"(y)) < €1. In fact, we prove by induction that d(f™(x), f"(y)) goes
to zero as n goes to infinity. Define

(5) Xi= (140X
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and c is adjusted such that X < 1. As d(fi(z), fi(y)) < e for 0<i < N+Ek—1
we have

d(fVH (), FE)) < A+ DS gen(pmsims@plld(fN 71 (), P71 (y)

N+k—-2
< H ID 1., we, (5:2) I DS pes(pr+1-1(2))l1d(, y)
=0
N+k-1 Tk
i
<@+ ] IDfiges(eqoplld(z,y) < X" d(x,y),
1=0

where z; € WE(f*(x)); this is all by the Mean Value Theorem. ]

7. Absolute continuity

In this section we prove that the holonomy map by the local stable manifolds
constructed for the points in S is absolutely continuous.

THEOREM 4: For large n, the holonomy map from S C W}, (¢(f), f) to
(DY) is absolutely continuous. That is, it sends the non-zero measure subset
of S to a non-zero measure subset of f*(D! ).

Let us mention that holonomy map h is defined on the whole of S for large n.
From now on we call its inverse 7, which is a holonomy along stable manifolds
from f*(D%.) to W*(q). We are going to prove that if B is a measure zero set
in h(S) C (D) then Leb(w(B)) = 0, and then conclude that Leb(h(S)) # 0.
For this, it is enough to show that for every disk D C f*(D.)) with center in
h{S), the holonomy = from D to W*(g) does not increase measures more than
a constant which is uniform for all such disks:

Leb(w(D)) < KLeb(D).

Indeed, for any measurable set B with zero measure, we can cover it by a family
of disks D such that ), ., m(D) is arbitrary close to zero. As Leb(n(D)) <
K Leb(D), we conclude that Leb(n(B)) = 0. From now on S’ represents h(S).

To prove this absolute continuity result we use the ideas of [14]. The difference
is that here the points for which we construct stable manifolds are not necessarily
regular. We see that a non-uniform hyperbolicity and a good control on the
angles of two invariant sub-bundles is enough to get an absolute continuity
result. A short sketch of the proof is as follows.

To compare Leb(D) and Leb(n(D)) we iterate sufficiently such that (D)
and f"(n(D)) “become near enough”. But after such iteration, f*(D) may
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have a strange shape, so in 7.2 we consider a covering of f*(S’) N f*(D) by
B; := B(an, f™(x;)) (ball of radius a,, with center f"(z;)) where z; is in S’
and a,, is much larger than d(z;, 7, (z;)), where m, is defined naturally by 7, =
flfomo f7™

By the specific choice of a,, in 7.3 we show that Leb(B;) ~ Leb(mn(B;)).
Indeed, the dominated splitting of the tangent bundle allows us to choose them
in such a good way. Finally, in 7.4 we prove some distortion results and come
back to compare the volume of D and 7(D).

7.1. SOME GENERAL STATEMENTS. Let us fix some notations and definitions:
e d; (resp. da) := restriction of the Riemannian metric of manifold to f™(D)
(resp. W"(q)).
e d, := intrinsic metric of stable manifolds.
e d := Riemannian metric of the manifold M.
e a < b means a < kb for a uniform £ >0, a,b € R.
e a = b means that k™' < a/b < k for a uniform &£ > 0.

Definition 7.1: If E. F are two subspaces of the same dimension in R™, we define
the angle between them £(E, F) as the norm of the following linear operator:

L: E — E* such that Graph(L) := {(v,L(v)),v € E} = F.
Definition 7.2: A thin cone C.(E) with angle € around E is defined as subspace
Sst. £(S,E) <e.

By the definition of cones it is easy to see that:

LEMMA 7.3: If C% C¢* are two cone fields which contain E¢*, E® (the sub-
bundles of dominated splitting), then Df,Ct*(z) C C5¥(f(x)) for some
0 < A < 1, or in other words the angle will decrease exponentially.

Proof: Take S € C®(z) and v € S. By definition v = v; ¢ vy where
vy € E vy € E°® and by dominated splitting (see section 2)

||Dfx(vz)|| HUz”
D0l < Miorll

and this means that £(Df(S), E<“(f(z))) < A(S, E“*(z)) by Definition 7.1.
B

Let us state a lemma that gives us some good relations between d;, d2 and d.
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LEMMA 7.4: Let R* = S@U (U = S*) and h be a C* function from B(0,5) C
S (ball of radius 6) to F, where F is in a small cone C.(U). Suppose that
T.(graph(h)) C C¢(S),Vx € graph(h). Then:

o dy(z,0) < C(e)d(2,0), where dy, is distance on graph(h),

e Leb(graph(h)) < C(e)Leb(B(0,9)),
where C(e}—1 when ¢ goes to zero.

Proof: By the hypothesis on graph(h) and the definition of angle, we conclude
that ||D;h|| < € and the proof of the first item goes just by the Mean Value
Theorem. The second item is also easy to prove just by the formula of the
volume for the graph of a function (see Chapter 1 of [6] for the formulas). 1

In what follows we consider a C* function which is defined on a ball of a linear
subspace of R” to another subspace. We show the relation between the norm
of the derivative of such a function and another one which locally has the same
graph and is defined on a slightly perturbed domain or codomain.

FJ_
E_L

LEMMA 7.5: Ifhisa C" function from B(0,r) C E to F such that | Dh(z)|| < a
(small), where F is a linear subspace with £(E+,F) < b (also small); then
graph(h) will be the graphic of a new function h: Dom(h) C E — E* and
|Dh|| < Ka (where K is a constant converging to 1 when b goes to zero).

LEMMA 7.6: Ifhisa C" function from B(0,r) C E to E* such that || Dh(z)]|| <
a (small positive number) and F is a linear subspace with the same dimension
of E, with £(E, F) < b (also small), then graph(h) will be the graphic of a new
function h: Dom(h) C F — F and ||Dh|| < 2(a + b).
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The proof of Lemma 7.5 comes out just by the definition of angle and the
derivative of a function. We prove Lemma 7.6 as follows.

Proof: First observe that by the definition of angle in Definition 7.1, || Dh(z)||
is equal to the angel between E and T{g 4(s))graph(h). So to prove the lemma
suppose that £(E,F) = b and £(E,G) = a with a,b small. Let f be a linear
map from F to F' whose graph is E and §: E — F+ and g: F—F* be the
maps with G as their graph. We are going to show that ||g|| < 2(a + b). By the
definition of £(F, E) and using Lemma 7.5 we have (see Definition 7.1)

Hg@I < @)+ 119(z + FENI < IF (@) + Kallz + f(2)]l;

where K is near to one and is obtained by Lemma 7.5. Hence we get

llg(@)Il
lll

and the proof of Lemma 7.6 is complete just by taking G = T(; p(z))graph(h).
1

<b+ Ka(v/1+b) <2(a+b)

The dependence of invariant sub-bundles E<%, E® on the base point is an
important support for the proof of Theorem 4. The following control of the
angles is a product of dominated decomposition and can be done with the same
arguments as in [15], pages 45-46.

LEMMA 7.7: There exist constants 0 < o < 1 and 0 < 8 < 1 with the following
property:

if d(f*(x), fi(y) is small for i = 0,...,n then for any two subspaces Si, So
respectively in C*(z), C®*(y) (small cones)

£(Dfz(S1),Dfy(S2)) 2 0™ + dist(f"(x), f* ()"

Remark 7.8: In Lemma 7.7, 8 < 1 comes from dominated splitting and we can
take % = \ where ) is as in Lemma 7.3.

7.2. COVERING f*(S') BY A GRAPH OF C! FUNCTIONS. We are going to
show that for every point z in S'ND, f™(D) locally can be seen as the graph of a
C! function from E°“(f™(z)) to E°*(f™(x)) with norm of derivative converging
to zero uniformly as n goes to infinity. By this, we intend to cover f*(S")Nf"(D)
by flat disks. Let us set y, := f™(z) and y/, := T (Yn)-

We mention that for all n, f*(D) is tangent to a thin cone which varies
continuously. We show that there is a disk (inside f™(D)) around y, which can
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be described as the graph of a C! function. The size of this disc decays when

n grows, but it is definitely larger than the stable distance (ds) between y, and
!

Yn-

LEMMA 7.9: There exists § > 0 such that for 6y < § and any x € M, if
h: B§*(0) C E**(x) = E®(z), h(0)=0, ||DR(E| <k, VEe€ B

and graph (h) C B§* x Bj, then W = f(graph(h)) N (BS§, x Bj) will also be a
graph of some h with the following properties:

(1) its domain contains BJj and h(0) = 0;

(2) DR < k8, VE € B, € B (f(2));

(3) X <~ where X is defined in equation (5) in Section 6.

Proof: As f is C?, there exists § such that for all z € M, f can be written as

F&m) = (A™(6) + (&, m), A (n) + 7 (&, ),

where (§,7) € B§* x B§® and ||D(¢°*, ¢°°)|| < €. Just to reduce the notations
suppose that z is a fixed point. We define

o af) = €= A(E) + ¢°(E, h(E) = AT(E + (A™)TH(E) ¢ (€, h(€));

e B(§) = A%(h(§)) + ¢ (£, h(£)); € € B§(0).
Now as [|(A°*) 7| < 1 + 8o, choosing € small enough we deduce that

[[(A°) THILap(67 (€, h(€))) < 1,

and this shows that o = A°“(.)(Id + (A°*)~1(.)¢“(., h(.)) is invertible. So it is
enough to determine the domain of &~ and define A = 8o a~! for proving the
first part of the lemma.

Observe that

(@Il > A=~ 16, RN > (=5 — 2¢) il > 71l

144

where v is near to one as & is small enough. Now with the aid of the proof of
the inverse function theorem, o' is defined on B, and

7 -1. peu cs
h=poa ": Bj; =B

is what we want. Observe that as A < 1, the third part of the lemma also turns
out.
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Now we will verify the claim about the derivative of h. By dominated splitting
we have 0 < 8 < 1 such that ||(A°*) 7L (f(2))||]|A%(z)|| < 62 (6? is just the X in
Lemma 7.3). By choosing € small enough such that ||DS|| < k/v/8 we get

IDRE)I < IDBEINDa (Ol < %HACSHH(AC“)_IHHD(I+T)—1||,
where T = (A°)71¢°%(€&, h(£)). On the other hand, we have
1D+ 7)) = I+ D7) < S UOTV = =577 < 7

=0
for € small enough. So ||Dh(z)|| < k6. |

Let us see how to cover f™(S’) N f*(D) by disks. For x € S’ N D there
exists & > O (uniform in D) and C! functions h, such that h;: E§“(z) —
E°$(z) and the graph of h; is a ball around z. Now by Lemma 7.9 there exists
hyn(zy: BSus(z) = E°(f"(x)) such that hpn(z)(B5as(2)) is a ball around yn
and also we have a good control on their derivative. That is,

| Dhn(2)|| < 6™
where h,, represents any hsn»(;). Applying Lemma 7.4 we get
d(z,yn) < di(2z,yn) < knd(z,yn) Vz € graph(hy) and k, = 1.

So we conclude that h ;) (BS§(z)) is a ball of radius arbitrarily near to 2a, :=
4™é by taking n large enough. We call this ball B,, (around y,) and B,, the ball
with radius a,, around y,.

We mention that B, is also the graph of a function from E* to (E*)* over
P(B,), where P is the orthogonal projection along (E°%)*.

Remark 7.10: By the estimate of the derivative of h,, P(B,) is contained in
the ball of radius 2a,(1 + C6") and contains the ball of radius 2a,(1 — C6"),
where C depends on the angle of (E°*)* and E°®.

In what follows we are working with B, as the graph of the mentioned new
C! function, which we also call h,, and it is easy to see that |Dhy,| < K6"
(Lemma 7.5).

Now we define a new transformation from B, to W¥(q) which is very near
to holonomy 7,. Let z € B, and define P(z) by translation along E°(y,)*
which is orthogonal to the tangent space of all points of B,,. One important
property of P is that d(z,P(z)) is exponentially small. Indeed, we choose a,

NG

small enough for d(z,P(z)) to be comparable to d(yn,y,) = A™.
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7.3. COMPARING MEASURES OF B; AND m,(B;). In the previous section we
saw how to cover f*(S')N f*(D) by balls B;. In what follows we prove that the
volume of these disks does not increase “a lot” by holonomy. Indeed, we have
to take a, in a good way to have this property. The most important property
for a,, is

(6) A" [an,—0
and the main proposition is the following.

PROPOSITION 7.11: There is a constant I > 0, independent of n, such that
Leb(n,(B;)) < ILeb(B;)

To prove the above Proposition, we start with some lemmas.

LEMMA 7.12: There is a choice of a,, satisfying (6) such that for every z € B;,
d(z,P(z)) < A"

Proof: When n is large enough we can consider P(B,) also as a graph over
E°¥(y,) to E°%(y,)*, but we have to consider the angle between E%(y,) and
E°*(y,,) to calculate the norm of the derivative of the new function. To estimate
the norm of the derivative of the C' functions whose graphs are B, and P(B,,),
we use Lemmas 7.6 and 7.5. Using the Mean Value Theorem and Remark 7.10,
we have (see Figure 3)

d(z,P(z)) <K(2an + 2Ca,8™)6"
+ (2an + 2Ca,8™)(K8™ + L(E““(yn), E°*(y,))) + A"

Note that the term containing angles in the above relations arises because of
the deviation of E*(y,) from E*(y,) and, applying Lemma 7.6,

L(E(yn), E(yy,)) = 0" + d(yn,yn)",

and therefore

d(z,’P(z)) <a,0" + and(yn,y;)a + A"
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E(yn)

Figure 3. Graphs over E°*.

So to finish the proof of Lemma 7.12 it is enough to choose a,, satisfying the
following two conditions:

o ap AN,

o ap ~ AM1-0),
Remember that by Lemma 7.9, we need another restriction on a, to have a
graph of functions to use Mean Value Theorem:

e a, <~ ™.
So choose a, = min(A"0~", XM1=®) 47§). As X < v, already A"/a,—0. ]

LEMMA 7.13: m,(B;) is contained in a ball around y;, of radius near enough to
24 as n is large enough.

Proof: For z € B;, m,(z) lies in W*(q), which is contained in the graph of a
function defined globally, and the graph is tangent to a thin cone field. So by
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Lemma 7.4 we deduce that for z € B;, da(my(2),y,) < 2d(m,(2),y,) and

Ba(n (2),8) € 5T (2),00) < S(lmn(2), ) + ) + e )

W

< —(ds(mn(2), 2) + di(2,Yn) + ds(yn, yy,) < 5(5\" + knan + A7)

So by choosing a, as in Lemma 7.12 the proof is complete. ]
LEMMA 7.14: P(B;) contains m,(B;).

Proof: For every z € B;, by triangular inequality we have

dz('P(z),y;) 2 d(P(z),y;) Z d(z’ yn) - d(y/n’yn) - d(Z,P(z))
> édl (z,yn) — ds(yl,, yn) — d(2,P(2)) > édl(zvyn) _ oy

Here we have used Lemma 7.12, as k,—1 and A"/a,—0. We conclude that
P(B;) contains a ball with radius near to 2a, and by Lemma 7.13 it contains
Tn(Bi)- "

Proof of Proposition 7.11: Choose a, as in Lemma 7.12. As Leb(B;) <
I, Leb(B;) for a constant I; not depending on n and just depending on the
dimension of B;, we have

Leb(m,(B;)) < Leb(P(B,)) ~ Leb(B;) < I) Leb(B;)

and the proposition is proved. |

Up to now we have covered S,, := f™(S5")Nf™(D) by a family of disks such that
the volume of whose images under holonomy is comparable to their volume. By
the Besicovich covering theorem [10] we can cover .S,, with a countable locally
finite subfamily {B;};; that is, there is a constant C' only depending on the
dimension of D such that the intersection of any C' + 1 disk of such a subfamily
is the empty set.

7.4. DISTORTION ESTIMATES. Now we state the distortion control state-
ments. By Jf(z, A) we mean det(Df,|A).
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LEMMA 7.15 (Bounded Distortion): There are Py, M > 0 such that for any

z € B, the following are satisfied:
1 Jf ™" (yn, Tyy Bi)
* 7 S T, By < M

Jf_ngz,ngBin
< T (ym  EC2) <h.

‘h
Proof: The problem is that in general we do not have Holder control of the
center unstable fibers. But in the case of dominated decomposition or, in other
words, when we have a hyperbolicity property for the angles, one can show
statements near to Holder continuity.

As fis a C? function, we conclude that there exist constants R, Ry > 0 such
that if z1,20 € M,d(z1,22) <1 and S;, S, are subspaces of R* with dimension
u (dimension of E*), then

(7) | log Jf_l(zl, Al) bl log Jf_l(ZQ, Az)l S Rld(zl, 22) + RQK(Al, Ag)

Now using the above inequality and Lemma 7.7 we have

[log Jf =" (yn, E*(yn)) — log Jf " (yp, B (yp))]

n—1

<R (X dist 5~ S0) ) + R 3 LB ) B 00D
i=0 =0
CR2 ity . " —if. o
<T=p+ (KBa+ Ra) ) dist(f™(yn), /™ Wn))

for some constants C, K > 0. So again using (7) we conclude

|log J f ™" (yn, Ty, Bi) — log J f ™" (yp, Ty, P(By))|
<|log J f " (yn, Ty, Bi) — log J f " (yn, (E““(ya)))|
+ log J £ 7" (yn, B (yn)) —log J f =" (Y, B (yn))|
+ |1log J f =" (yp, B (yn)) — log J f " (yn, Ty, P(B1))]
Ry f=

n—1
g+ (KR +Ry) ) dist(f7 (yn), /™' (y)" +2Rs > oo
1=0 =0

[y

@) <

AS yn,y), are on the same strong stable manifold, all of the terms appearing
in (8) are summable and the proof of the first item of the lemma is complete.
In fact, our argument shows that we can substitute y,,y;, respectively by any
point w, € B; N f*(S’) and 7, (wy,). The second item of the lemma comes from
the same arguments, remembering that the size of B; C f™(D) is exponentially
small. 1
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Now we apply distortion estimates of Jacobians to get

Leb(n(D)) < Z Leb(f"(nn(B;)) < MP} Z Leb(f '"(&))%

<IMP z Leb(f~™(By)).

But as {B;}; is a locally finite family covering S, and by f~", the areas
of disks tangent to C°“ decreases. Taking n sufficiently large we see that
>, Leb(f~™(B;)) < ALeb(D). So taking P = P we conclude

Leb(n(D))

< IMPA(uni .
Leb(D) > (universal)

8. Appendix A: Robust indecomposability

Topological transitivity of C'! diffeomorphisms and ergodicity (metric transitiv-
ity) of the Lebesgue measure for the C? conservative systems are two kinds of
indecomposability. The existence of SRB measures with full support and full
Lebesgue measure of the basin (like in the C2-Anosov diffeomorphism case) is
also a kind of indecomposability which in the conservative diffeomorphism case
implies ergodicity. By results of [3] we know that C'-robust transitivity implies
dominated splitting. For constructing SRB measures we need more regularity
than C!. So we define C'-robust indecomposability as follows:

Definition 8.1: Let Diff'* = |J ., Diff'**(M). For f € Diff'" we say f is
C'-robustly indecomposable if there is an open set U C Diff* (M) such that any
g € UNDIff'* has an SRB measure with Leb(B(x)) = 1 and Supp(p) = M.

PROPOSITION 8.2: Any C'-robustly indecomposable diffeomorphism has
dominated splitting.

Proof: Let U be an open set as in Definition 8.1. We claim that any f €
U N Diff't (M) is transitive. To show this, take two open sets A, B in M. As
Supp(u) = M, so u(A), u(B) > 0. Let x € B(u); by definition of the basin, the
orbit of z goes through A and B infinitely many times. This means that some
iterate of A intersects B.

Now suppose g1 € U does not admit dominated splitting; by the results in [3]
one can perturb g; to get g, € U with a sink. Now by the density of Diff'* (M)
in Diff' (M) and persistence of sinks in C topology, we get a diffeomorphism
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g3 in UNDiff' (M) which has a sink and so cannot be transitive, contradicting
the above claim. |

9. Appendix B: Simultaneous hyperbolic times

In [1, Theorem 6.3], ergodic cu-Gibbs measures for diffeomorphisms with domi-
nated splitting and the non-uniform hyperbolic property like in the Preliminaries
(Section 2) are constructed. These measures are absolutely continuous along a
family of disks which are tangent to the center-unstable cone field.

PROPOSITION 9.1: For f € V, the cu-Gibbs measures as above are SRB; that
is, their basin has positive Lebesgue measure.

To prove that these measures are SRB, one needs to show that for points in
the support of these measures, all the Lyapunov exponents (in the E°® direction)
are negative. To provide negative Lyapunov exponents, in [1], the authors add
the condition of “simultaneous hyperbolic times”. We show that for f € V it
is not necessary to verify this condition and see that the cu-Gibbs measures
constructed there are indeed SRB measure.

For any y € Supp(u), where p is one of such cu-Gibbs measures, there exists
x such that y € D*®(z), where D*(z) is tangent E°* at any point of it and,
moreover, it is the local strong unstable manifold of x (see {1, Lemma 3.7]).

LEMMA 9.2: If f € V, then for Lebesgue almost all points of D™ (z) the
Lyapunov exponents in the E°® direction are negative.

Proof: By the above observations about D% (z) we may consider the lift of
D> (z) to R” included in the graph of a global C! function v: R — R® with

T(z 2y graph(y) € C (2, 7(2)).

So by the definition of dynamically flat submanifolds in Section 6, D*(x) is
contained in a dynamically flat submanifold and, by Proposition 6.3, for almost
all points in D*°(z) all the Lyapunov exponents in the E°° direction are negative.
|

Now using Lemma 9.2, a standard argument shows that the cu-Gibbs
measures are really SRB, or their basins have positive volume.

Proof of Proposition 9.1: Let p be such a Gibbs ergodic measure. There exists
some disk D> such that almost every point in D is in the basin of p. By
absolute continuity of stable lamination of the points in DN B () and the fact
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that these stable manifolds are contained in B{u), we conclude that the basin
of u must have positive Lebesgue measure. |
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